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Abstract 

In  this  work,  we  consider  a  classical  formulation  of  the  stable  set  problem.  We 
characterize  its  corner  polyhedron,  i.e.  the  convex  hull  of  the  points  satisfying  all 
the  constraints  except  the  non-negativity  of  the  basic  variables.  We  show  that  the 
non-trivial  inequalities  necessary  to  describe  this  polyhedron  can  be  derived  from 
one  row  of  the  simplex  tableau  as  fractional  Gomory  cuts.  It  follows  in  particular 
that  the  split  closure  is  not  stronger  than  the  Chvatal  closure  for  the  stable  set 
problem.  The  results  are  obtained  via  a  characterization  of  the  basis  and  its  inverse 
in  terms  of  a  collection  of  connected  components  with  at  most  one  cycle. 


1  Introduction 

Consider  a  simple  graph  G  =  (V,E),  where  V  and  E  are  the  sets  of  n  vertices  and  m 
edges  of  G,  respectively.  A  stable  set  (independent  set,  vertex  packing)  of  G  is  a  set  of 
pairwise  non-adjacent  vertices.  For  the  sake  of  simplicity,  we  are  going  to  assume  that  G 
has  no  connected  component  defined  by  a  single  vertex.  Then,  a  stable  set  corresponds 
to  an  n-dimensional  binary  vector  x  that  satisfies  xu  +  xv  <  1,  for  all  uv  e  E.  The  set  of 
stable  sets  of  G  can  be  described  by  the  mixed  integer  linear  set 

S(G)  =  {(x,  y)  e  x  K™  :  Ax  +  y  =  1},  (1) 

where  A  is  the  edge-vertex  incidence  matrix  of  G,  1  is  a  vector  of  ones,  x  and  y  are 
vectors  of  variables  indexed  by  the  vertices  and  the  edges  of  G,  respectively.  Notice  that 
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the  integrality  of  the  slack  variables  y  is  enforced  by  the  integrality  of  x.  The  convex  hull 
of  S(G )  is  called  the  stable  set  polytope.  The  set  obtained  from  S(G)  by  relaxing  the 
integrality  constraints  will  be  denoted  by  R(G). 

An  important  reason  for  studying  methods  to  handle  contraints  of  type  (1)  is  that  they 
can  model  restrictions  appearing  in  many  optimization  problems.  Indeed,  notice  that  set 
packing  and  partitioning  problems  can  be  transformed  into  vertex-packing  problems  on 
the  intersection  graph. 

A  general  approach  to  deal  with  mixed  integer  sets  consists  of  solving  the  linear  relax¬ 
ation  and  adding  cutting  planes.  Most  commonly,  these  cutting  planes  are  derived  from 
integrality  arguments  applied  to  a  single  equation.  Intersection  cuts  are  more  general  [4] . 
Recently,  cutting  planes  derived  from  two  or  more  rows  have  attracked  renewed  interest, 
and  it  has  been  shown  that  they  can  better  approximate  the  feasible  set  [2,  3,  5,  10]. 
Whether  they  are  derived  from  one  or  more  rows  by  integrality  arguments,  the  known 
cuts  have  in  common  the  feature  that  they  are  valid  for  the  corner  polyhedron  defined  by 
Gomory  [12].  In  this  paper,  we  study  the  corner  polyhedron  associated  to  (1)  and,  conse¬ 
quently,  investigate  cuts  that  can  be  derived  from  a  basic  solution  of  the  linear  relaxation 
of  (1). 

In  the  remainder,  let  B  stand  for  the  set  of  all  bases  of  the  constraint  matrix  [A  I]. 
We  denote  by  B  an  element  of  B  and  by  N  the  resulting  nonbasic  submatrix.  We  represent 


the  basic  and  nonbasic  variables  by  zb  = 


xB 

Vb 


and  zn  = 


xN 

Vn 


,  respectively.  Without  loss 


of  generality,  we  are  assuming  that,  in  B  and  N,  the  columns  indexed  by  vertices  appear 
before  those  indexed  by  edges.  Using  this  notation,  constraints  (1)  can  be  rewritten 
equivalently  as: 


zb  =  B  11  —  B  1 Nzn ,  zb  >  0,  zn  >  0,  x  G  Zn,  (2) 

Discarding  the  non-negativity  constraints  Zb  >  0  of  the  basic  variables,  we  get  a  relaxation 
of  (2).  The  convex  hull  of  the  resulting  set  of  points  is  the  so-called  corner  polyhedron 
associated  with  basis  B,  to  be  denoted  by  corner (D) .  If  the  basic  solution  obtained  by 
setting  zn  =  0  is  not  integral,  then  it  does  not  belong  to  this  polyhedron,  and  a  valid 
inequality  for  corner (D)  cuts  off  this  basic  solution. 

In  this  paper,  we  show  that  all  valid  inequalities  necessary  to  the  description  of 
corner (R)  can  be  derived  from  one  row  of  (2)  as  a  Chvatal-Gomory  cut  [9,  11].  In 
addition,  we  relate  the  intersection  of  the  corner  polyhedra  associated  to  all  bases,  given 
by 

corner (B)  =  corner(R), 

B&B 

to  the  split,  Chvatal  and  {0,  l/2}-Chvatal  closures  relative  to  S(G).  The  Chvatal  closure 
is  the  intersection  of  R(G)  with  all  the  Chvatal  inequalities,  i.e.  inequalities  of  the  form 
LAAJx  <  |_A1J  with  A  <E  R+  [9].  When  A  is  restricted  to  be  in  {0,  l/2}m,  the  {0,1/2}- 
Chvatal  inequalities  and  closure  are  similarly  defined  [8]. 

It  follows  from  [1]  that  the  polyhedron  corner (B)  is  included  in  the  split  closure.  In 
turn,  the  split  closure  is  included  in  the  Chvatal  closure,  which  is  itself  contained  in  the 
{0,  l/2}-Chvatal  closure.  Here,  we  show  the  converse  inclusions  and  obtain  the  following 
theorem. 
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Theorem  1.  For  the  stable  set  formulation  (1),  the  {0,  l/2}-Chvatal  closure,  the  Chvatal 
closure,  the  split  closure  and  corner(B)  are  all  identical  to 

{(x,y)  >  0  :  Ax  +  y  =  1,  >  1, y induced  odd  cycle  C  ofG}. 

esc 

Iii  order  to  obtain  these  properties,  we  first  describe  the  structure  of  the  basic  matrix 
and  its  inverse  in  the  following  two  sections.  Then,  Section  4  is  devoted  to  the  character¬ 
ization  of  the  corner  polyhedra,  whereas  Section  5  relates  them  to  the  split,  Chvatal  and 
{0,  l/2}-Chvatal  closures. 


2  The  structure  of  the  basis 


Consider  any  basis  B  E  B,  feasible  or  infeasible.  Let  Vb  and  Vn  represent  the  sets  of  basic 
and  nonbasic  vertices,  that  is,  the  vertices  indexing  columns  of  B  and  N,  respectively. 
Similarly,  define  Eb  and  E n  with  respect  to  the  edges.  In  this  and  the  next  section,  we 
assume  that  Vb  ^  0,  otherwise  B  =  /  and  we  are  done. 

Let  us  consider  the  equations  in  (1)  ordered  in  such  a  way  that  those  indexed  by  EB 
come  last.  Then,  the  basic  matrix  B  has  the  form 


B 


B  0 
D  I  ’ 


(3) 


where  the  first  group  of  columns  is  indexed  by  Vb  and  the  second  one  is  indexed  by  EB. 

In  order  to  characterize  B,  let  C\,  C2,  . . . ,  C*,  be  the  connected  components  of  G[Vb\  \ 
EB,  where  G[Vb\  stands  for  the  subgraph  of  G  induced  by  Vb-  For  each  i  =  1,2,. . .  ,k, 
assume  that  C*  =  (I f,  Ef)  and  define  E[  as  the  set  of  nonbasic  edges  with  (at  least)  one 
endpoint  in  Vi  .  Notice  that  E[  D  Ei  and  {£(-}*'_,  is  a  partition  of  E^.  This  last  part 
comes  from  the  definition  of  the  Cfs  and  the  fact  that  B  has  no  zero  row. 

Using  this  decomposition  of  the  graph,  we  can  partition  submatrix  B  in  a  block- 
diagonal  form  as: 

'B1 


B  = 


B2 


(4) 


Bk 


where  each  matrix  Bi  has  its  columns  and  rows  respectively  indexed  by  Vt  and  E[. 


Lemma  1.  For  every  i  =  1,2, ...  ,k,  the  matrix  Bi  is  square,  that  is,  |U|  =  \E[\. 

Proof:  Suppose  that  \V,\  \E[\,  for  some  i.  Since  B  is  a  square  matrix,  we  can  assume 

that  \Vf  >  \E[\.  Then,  the  columns  of  Bi  must  be  linearly  dependent,  and  so  are  the 
corresponding  columns  in  B.  Therefore,  deti?  =  detU  =  0,  which  contradicts  the  fact 
that  B  is  invertible.  □ 


Now,  we  show  that  submatrices  Bi  are  edge-vertex  incidence  matrices  of  pseudotrees. 
A  pseudotree  is  a  connected  graph  with  at  most  one  cycle.  If  it  contains  exactly  one  cycle, 
it  is  called  a  1-tree 
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Lemma  2.  For  every  i  =  1,2 ,k,  either 


1.  Ci  is  a  1-tree  with  an  odd  cycle,  and  B,  is  its  edge-vertex  incidence  matrix;  or 

2.  Ci  is  a  tree,  and  B{  is  the  edge-vertex  incidence  matrix  of  Ci  together  with  a  foreign 
edge,  that  is,  an  edge  linking  a  vertex  in  Vi  to  a  vertex  in  Vjy. 


Proof:  Since  Q  is  connected,  \Ei\  >  \Vt\  —  1.  By  Lemma  1,  it  follows  that  \E'(  >  \E(\  > 
\E[\  —  1.  If  | Vi |  =  \E[\  =  \Ei\,  then  the  difference  between  Ci  and  a  spanning  tree  of  Ci  is 
an  edge.  Moreover,  the  unique  existing  cycle  must  be  odd  because  detU*  ^  0  [14],  This 
shows  the  first  part  of  the  statement.  In  the  complementary  case,  \Vf\  =  \E[\  =  \Ef  +  1 
and  thus  Ct  is  a  tree.  In  this  case,  there  is  a  row  of  Bi  with  exactly  one  entry  equal  to  1. 
Such  a  row  corresponds  to  an  edge  of  G  with  one  endpoint  in  Vi  and  the  other  endpoint 
in  Vn-  This  gives  the  second  alternative  of  the  lemma.  □ 


From  now  on,  let  Iq  and  I\  be  complementary  subsets  of  {1,2,  ...,/c}  which  index 
the  tree  and  the  1-tree  components,  respectively.  We  define  the  kernel  of  Ci,  denoted  by 
niCf),  as  its  unique  cycle  (if  i  e  I\)  or  its  foreign  edge  (if  i  e  Jo).  The  distance  from  a 
vertex  v  of  Ct  to  its  kernel  is  the  length  of  the  shortest  path  in  C,.  between  v  and  a  vertex 
in  n(Ci).  This  vertex  will  be  denoted  kv.  We  simply  write  u  e  n{Ci)  or  e  G  niCf)  to 
mean  that  a  vertex  u  or  an  edge  e  is  in  the  graph  niCf). 

Lemma  3.  Let  i  e  /q  U  I\.  The  matrix  Bt  has  the  form 


H 

X1  Ini 
X2  In2 


(5) 


1 

Y  T 

yvp  1nv 


where  H  is  either  equal  to  [1]  (if  i  E  Io)  or  is  the  edge-vertex  incidence  matrix  of  the  odd 
cycle  in  Ci  (if  i  e  I\)  and,  for  d  =  1,2, ...  ,p,  nd  is  the  number  of  vertices  at  distance  d 
from  n{Ci)  and  Xd  is  a  matrix  that  has  exactly  one  non-zero  entry  (equal  to  1)  per  row. 
A  non-zero  entry  of  Xd  is  indexed  by  (uv,v),  where  the  vertex  v  is  the  endpoint  of  the 
edge  uv  closest  to  n^Cf). 


Proof:  Let  p  be  the  maximum  distance  from  a  vertex  of  Ci  to  its  kernel.  For  d  —  0, 1, . . . ,  p, 
let  Ld  be  the  set  of  vertices  of  C%  at  distance  d  from  niCf).  Lp  comprises  leaves  of  Ct  and 
so  indexes  columns  of  Bi  which  are  different  columns  of  the  identity  matrix.  This  gives 
the  last  column  in  (5).  Similarly,  i  is  formed  by  leaves  of  Ci  \  Lp.  Also,  it  contains 
all  the  vertices  that  are  adjacent  to  some  vertex  in  Lp.  Such  properties  lead  to  the  form 
of  Xp.  Continuing  this  process  from  the  subgraph  Ci  \  (Lp  U  Lp_i),  we  get  the  remaining 
submatrix.  At  the  final  step,  the  vertices  in  L0  are  exactly  those  of  the  kernel.  They 
define  the  submatrix  H .  If  Ct  is  a  tree  with  a  foreign  edge,  the  kernel  is  a  vertex  and  so 
H  =  [1],  Otherwise,  the  kernel  of  C,  is  the  odd  cycle  of  Ci.  □ 
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3  The  inverse  of  the  basis 

Lemma  1  and  (3)-(4)  establish  that  the  basis  inverse  has  the  form 


B~l 


B~x  O' 
-DB~l  I 


(6) 


with 


B~l  = 


-l 


Bf1 


(7) 


By  partitioning  D  accordingly  to  B-1,  it  is  easy  to  see  that  a  non-zero  row  of  any  block  of 
the  matrix  DB~l  is  either  a  row  of  Bf1  or  the  sum  of  two  rows  of  B f1,  for  some  i.  This 
is  because  each  row  of  D  has  at  most  two  non-zero  entries,  which  are  actually  equal  to  1. 
Thus,  the  inverse  of  the  basis  is  essentially  defined  by  the  inverses  Bfx ,  for  i  —  1,2 , ,k. 
Lemma  3  implies  that  these  matrices  are  given  by 


H-1 

■h\ 

Ini 

■hi 

I 22 

Iri2 

■hi 

J32 

CO 

Jpl 

Jp2 

CO 

where,  for  j  —  1, . . .  ,  p  and  l  =  j, . . .  ,p, 

j  f  (-l)l-j+1XlXl-1---Xj-1XjH~1,  if  j  =  1 

l°  |  (-ly-i+'XiXt-!  ■  ■■xj-1xjlnj_1,  if  j  >  1 


(8) 


(9) 


We  relate  below  the  entries  of  B r1  to  the  graph  C%.  The  rows  and  columns  of  B~x 
are  indexed  by  Vi  and  E[,  respectively.  We  use  the  concept  of  circulant  matrix ,  that  is,  a 
matrix  where  each  row  is  rotated  one  element  to  the  right  relative  to  the  preceding  row. 


Lemma  4.  Let  i  e  J0  U  I\,  u  6  Vi  and  e  G  E[.  If  u  —  z0l  z1} ,  zs  —  ku  is  the  unique 
path  in  Ci  between  u  and  nu  then 


(  (-1  )SH  1(Ku,e),  ifeEK(Ci), 

B~1(u,e)=<  (~1)J,  ife  =  ZjZj+1,j  =  0, 1, . . .  ,s  —  1, 

I  0,  otherwise, 


where  H  1  =  [1]  (if  i  e  Iq)  or  H  1  is  a  circulant  matrix  with  the  first  row  having  the  form 

| [i  -i  i  -i  1].  (10) 

Proof:  First,  we  characterize  matrix  II  1 .  For  i  G  Iq,  Lemma  3  trivially  yields  II  1  = 
H  —  [1],  For  iE.Ii,  the  same  lemma  states  that  H  is  the  edge- vertex  incidence  matrix 
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of  an  odd  cycle.  Then,  we  can  arrange  its  rows  and  columns  to  obtain  a  circulant  matrix 
whose  first  row  is  [l  1  0  0  •  ■  ■  0]  ,  thus  giving  the  form  (10)  of  H~l. 

Now,  we  prove  the  entries  of  B~l  by  noting  that  5i_1(u,  e)  is  an  entry  of  the  (s  +  l)-th 
row  of  the  block  matrix  (8).  We  use  induction  on  s  —  0, 1, . . .  ,p,  where  p  is  the  maximum 
distance  between  a  vertex  of  C*  and  its  kernel.  If  s  =  0,  the  expression  of  5”1(u,e) 
trivially  follows.  For  s  >  0,  equations  (9)  imply  that  the  non-zero  part  of  the  (s  +  l)-th 
row  of  (8)  is 

\_Jsl  J s2  '  '  '  Js,s— 1  Jss  4a] 

—  —Xs  [jg-gl  Jg- 1,2  •  •  •  js-  1,S-1  4S_ 1  0]  +  [0  0  '  '  '  0  0  4S]  ■ 


Then,  the  form  of  Xs  given  by  Lemma  3  leads  to 


*  v  '  [1,  if  e  =  uz\. 


(11) 


Using  the  induction  hypothesis,  we  get 

(  (-1  )s-1Ff-1(«;u,e),  if  eG  «(<?*), 

Bi1(ziX)={  (-1)J_1,  if  e  =  ZjZj+1,j  =  1,. .  .,s  -  1, 

y  0,  otherwise. 

The  expression  of  B~l(u,e)  then  follows  from  (11).  □ 


Corollary  1.  Fori  G  Iq,  Bi  1  is  a  {0,  ±1  }-matrix.  Fori  G  I\,  an  entry  of  Bi  1  is  equal  to 
±1/2,  if  it  is  in  a  column  indexed  by  the  edges  of  n{Cf),  or  belongs  to  {0,±1},  otherwise. 

Regarding  the  sum  of  the  entries  in  a  row  of  Bf  ,  we  have  that 

Lemma  5.  Fori  G  Iq,  B~l1  G  {0,1}^.  Fori  G  I\,  Bf1 1  =  (1/2)1. 

Proof:  By  (10),  we  trivially  have 

H~[l  =Sjl, 

where  s*  =  1  (if  i  G  Jo)  or  s*  =  1/2  (if  i  G  R).  With  respect  to  a  row  of  each  submatrix 
Jij,  for  l  =  1,  2,  ..,p  and  j  =  1,2,...,/,  it  is  clearly  (— l)i_J'+1  times  either  a  row  of  H^1 
(if  j  =  1)  or  a  row  of  7n  (if  j  >  1).  This  is  because  any  matrix  Xt  appearing  in  (9)  has 
exactly  one  nonzero  entry  (equal  to  1)  in  each  row,  according  to  Lemma  3.  Therefore,  for 
l  —  1,  2, . . .  ,p,  it  follows  that 


4,1  ±  ^  4-1  =  (1  +  (-1)^)1  ±(-i)i+1  ]T  (-iyi 


(1  —  Si)l,  if  l  is  odd, 
Si  1 ,  if  l  is  even. 


The  two  expressions  above  lead  to  the  claimed  result. 


□ 


6 


4  The  Corner  polyhedron 

The  corner  polyhedron  associated  with  a  basis  of  the  stable  set  problem  is  the  convex 
hull  of  the  points  satisfying  the  relaxation  of  (2)  where  the  non-negativity  constraints  on 
the  basic  variables  are  discarded.  Since  each  variable  in  y b  appears  in  only  one  equation 
and  no  other  constraint,  we  can  drop  these  variables  and  the  corresponding  equalities.  If 
Vb  =  0,  then  we  trivially  have 


corner  (Z?)  =  {(x,  y )  :  Ax  +  y  =  1,  x  >  0}  =  x  Rm.  (12) 


Otherwise,  in  order  to  express  the  remaining  constraints  in  (2),  let  us  partition  the  non- 
basic  matrix  N.  According  to  the  organization  of  B  given  by  (3) — (5) ,  the  submatrix  N 
can  be  partitioned  as 


N  I 


Q  0  ’ 


(13) 


where  the  first  group  of  columns  is  indexed  by  the  vertices  in  Vjy  and  the  second  one  is 
indexed  by  the  edges  in  EN. 

Using  (6)  and  (13),  the  corner  polyhedron  corner  (Z?)  is  given  by  the  convex  hull  of  the 
set 

P  =  {(x,y)  :  xB  =  -B1!  -  B~lNx N  -  B^yu,  xN  >  0,  yN  >  0,  x  G  Zn},  (14) 


We  can  further  simplify  the  expression  of  P  as  follows.  Let  us  partition  N  according  to 
the  structure  of  B  shown  in  (4)  to  get 


Ad 


Nk 


Also,  denote  by  ig,  and  y^  the  vectors  of  variables  indexed  by  the  vertices  and  edges  of 
Ci,  respectively,  for  all  i  =  1,2, ...  ,k.  Notice  that,  for  i  e  h,  we  have  =  0  because 
every  row  of  Bi  contains  two  entries  equal  to  1.  Then,  we  can  rewrite 


P  =  P'x  J]  Pi, 


where 

p'  =  yNi)iei0,  zat,  Vb)  ■  =  Br1 1  -  B-lN,xN  -  B~lyNi, 

xN  e  z^Nl,  xBi  e  z)Vi\yNi  >  o ,i  e  z0},  (15) 

Pi  =  {{xBuVNi)  ■  xBi  =  B~ll  -  BrxyNi,  yN.  >  0, XBi  e  ZIVil},  i  e  h-  (16) 


The  convex  hull  of  P'  readily  follows  from  the  integrality  of  the  matrices  involved  in 
its  definition. 


Lemma  6.  The  convex  hull  of  P'  is  its  linear  relaxation. 
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Proof:  Since  the  integrality  of  x  implies  the  integrality  of  y,  we  can  assume  integer 
in  (15).  In  addition,  using  Corollary  1  for  i  G  J0  and  the  fact  is  a  {0,  l}-matrix,  we 
conclude  that  matrices  B~] ,  B~l  1  and  B~xNi  are  integral.  Therefore,  the  result  follows. 
□ 


Now,  let  i  G  I\.  In  order  to  describe  conv(Pj),  let  us  partition  —B~l  =  [P  T ],  where 
the  submatrix  R  is  indexed  by  the  edges  of  k{C/).  By  Corollary  1,  all  entries  of  R  belong 
to  {±1/2}  whereas  all  entries  of  T  are  in  {0,  ±1}.  Moreover,  we  can  assume  that  the 
variables  in  yN.  related  to  T  are  integral.  Since  Bf1  1  =  (1/2)1  by  Lemma  5,  these  facts 
lead  to  the  following  set  equivalent  to  Pp 


Pi  =  <  {x,y)  :  X  =  (1/2)1  ±  reyei  x  e  zlVil >  y  =  (j/e)ee«(Ci)  >  0  >  ,  (17) 

y  e£n(Ci)  J 

where  re  G  {±1/2}^. 

Toward  our  end,  we  first  analyze  the  minimal  valid  inequalities  of  conv(Pj).  A  non¬ 
trivial  valid  inequality  of  conv(Pj)  has  the  form  ^eere(C)  aeVe  >  1  with  ae  >  0,  and  it  is 
minimal  if  there  is  no  valid  inequality  ^egK(C.)  ot'eye  >  1  with  of  <  a  and  ot'e  <  ae,  for 
some  e  G  k(C/).  The  minimal  valid  inequalities  of  conv(Pj)  include  all  the  facet-dehning 
inequalities  necessary  for  its  description  and,  consequently,  for  the  description  of  conv(Pj). 

Lemma  7.  Let  i  G  I\.  A  minimal  valid  inequality  for  conv(Pi)  has  the  form  X^ePC;)  ae2/e  > 
1,  where  ae  >  1  for  all  e  G  n{Cj). 

Proof:  Any  minimal  valid  inequality  for  conv(Pj)  corresponds  to  a  maximal  lattice-free 
convex  set  C  [7].  Besides,  as  we  can  assume  that  C  contains  /  =  (1/2)1  as  an  interior 
point  [15],  the  same  theorem  in  [7]  establishes  that  each  coefficient  ae  of  the  inequality  is 
such  that  /  ±  (1  /ae)re  is  a  point  in  the  boundary  of  C.  Since  /  ±  re  is  an  integral  point, 
for  all  e  G  niCf),  and  C  is  a  lattice  free  convex  set,  it  follows  that  l/ae  <1.  □ 

Actually,  we  can  show  that  the  non-zero  coefficients  in  a  minimal  valid  inequality  of 
conv(Pj)  are  equal  to  1  and  can  be  obtained  by  the  Chvatal  procedure,  as  follows. 

Lemma  8.  Let  i  G  R.  The  inequality  Yle£K(c,.)  valid  for  conv^Pf)  and  is  a 

{0, 1/2} -Chvatal  inequality  for  S(G). 

Proof:  Consider  the  equalities 

BixBi+yNi  =  1  (18) 

that  appears  in  (16)  and  take  a  linear  combination  with  A  G  {0, 1/2}^  and  Ae  =  1/2  if 
and  only  if  e  G  n(Ci).  Since  y^z  >  0  and  xBi  G  are  constraints  of  Pi ,  the  {0, 1/2}- 
Chvatal  inequality  [XBi\xBi  <  [AlJ  or,  equivalently,  ^2u&^Ci)xu  —  ( no  ~  l)/2,  is  valid 
for  conv(Pj),  where  no  is  the  (odd)  number  of  vertices  of  n{Ci).  Then,  using  equalities 
ye  =  1  —  xu  —  xv,  for  all  e  =  uv  G  n(Ci),  included  in  (18),  we  get  the  desired  inequality  in 
the  y  variables.  Moreover,  since  (18)  is  a  subset  of  the  equations  in  (1),  the  second  part 
of  the  statement  follows.  □ 


Lemma  9.  Lett  G  h-  Then,  conv^Pf)  =  {(xBi,yNi)  :  xBi  =  Bi  1l-Bi  Z^eisfCi)  ^  > 

1,  VNi  >  0}. 

Proof:  Consider  a  description  of  conv(Pj)  given  by  minimal  valid  inequalities.  By  the 
relationship  between  P,  and  Pt  and  Lemma  7,  any  inequality  in  this  description  has  the 
form  Yhe£K(Ci)aeye  —  1;  where  ae  >  1  for  all  e  G  niCf).  By  Lemma  8,  we  conclude  that 
ae  =  1,  for  all  e  G  Ac(C'j),  and  the  result  follows.  □ 

Lemmas  6  and  9  and  the  trivial  case  (12)  give  the  following  description  of  the  corner 
polyhedron. 

Theorem  2.  For  every  B  G  B,  the  corner  polyhedron  of  (2)  associated  to  B  is 


corner(B) 


(x,  y)  :  Ax  +  y 


1,  xn  >  0,  yN  >  0,  ^2  ye>  l,ie 

e£n(Ci) 


Theorem  2  implies  that  each  non-trivial  inequality  necessary  to  describe  the  corner 
polyhedron  is  a  fractional  Gornory  cut  that  can  be  derived  from  a  row  of  the  simplex 
tableau  related  to  a  basic  vertex  in  the  cycle  of  a  1-tree  component. 

Even  if  we  consider  a  tighter  relaxation  of  (2),  where  only  constraints  yB  >  0  are 
discarded,  we  cannot  get  stronger  cuts.  Indeed,  if  we  keep  the  non-negativity  of  the 
(basic)  variables  associated  with  the  vertices  of  the  1-tree  component  C\  {i  G  If),  the  set 
conv(Pj)  turns  out  to  be  the  stable  set  polytope  of  C%,  whose  description  is  the  same  as 
that  one  presented  in  Lemma  9  together  with  xBi  >  0.  Similarly,  maintaining  the  non¬ 
negativity  constraints  on  the  (basic)  variables  related  to  vertices  of  the  tree  components 
leads  to  a  redefinition  of  P'  by  the  inclusion  of  xBi  >  0,  for  all  i  G  Jo-  Again,  the  convex 
hull  of  this  restricted  set  is  its  linear  relaxation.  Therefore,  only  the  trivial  inequalities 
xB  >  0  can  be  obtained  in  addition  to  those  describing  corner (P). 


5  The  Chvatal  closure 

Lemma  8  and  Theorem  2  show  that  the  only  non-trivial  inequalities  needed  to  define 
corner  (P)  are  {0,  l/2}-Chvatal  inequalities.  They  all  have  the  form  XLec2/e  —  where 
C  is  an  odd  cycle  G.  If  this  cycle  is  not  an  induced  subgraph  of  G ,  this  inequality  is 
dominated  by  X^e c>  2/e  >  1,  where  C'  is  an  odd  cycle  of  G  induced  by  a  subset  of  vertices 
of  C.  This  is  the  key  point  to  characterizing  the  Chvatal  closure  of  S(G),  as  follows. 

Let  C  denote  the  set  of  all  the  induced  odd  cycles  of  G.  For  every  C  G  C,  form  the 
submatrix  Bq  of  [A  I]  given  by 


Bc  = 


Ac 

0 


0 

/  ’ 


where  Ac  is  the  edge-vertex  incidence  matrix  of  C  and  /  is  related  to  the  edges  of  G  not 
in  C.  Notice  that  Be  is  invertible  and  Bffl  G  {1/2,  l}m,  which  implies  that  Be  is  a 
feasible  basis.  Let  us  denote  by  B+  =  {P  G  B  :  B  1 1  >  0}  the  set  of  feasible  basis  and 
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by  Bc  =  {Be  :  C  e  C}  its  subset  corresponding  to  C.  Also,  for  any  B'  C  B,  let  corner^') 
stand  for  the  intersection  of  the  corner  polyhedra  associated  to  all  bases  in  B' ,  that  is, 

corner {B')  =  |^|  corner {B). 

BeB' 

Lemma  10.  corner(B)  C  corner(B+ )  C  R™  x  R™. 

Proof:  We  only  need  to  prove  the  second  inclusion.  First,  note  that  corner  (B+)  C 
corner(J)  C  R™  x  Rm.  Now,  for  each  edge  e  =  uv  of  G,  consider  the  submatrix  Be 
of  [A  I]  defined  by  the  column  of  A  indexed  by  u  and  the  columns  of  /  indexed  by 
E  \  {e}.  Notice  that  Be  e  B+.  In  addition,  by  Theorem  2,  ye  >  0  is  a  valid  inequality  for 
corner(5e).  Since  corner(£>+)  C  neG£Corner(£>e),  the  result  follows.  □ 

Lemma  11.  corner(B)  =  corner(B+ )  =  S(G),  where 

S(G)  =  <  (x,y)  >  0  :  Ax  +  y  =  1,  ^ye>l,CeC 

l  esc 

Proof:  If  C  —  0,  the  result  trivially  follows  by  Theorem  2  and  Lemma  10.  The  same 
statements  imply  that 

corner(£>)  C  corner (B+)  C  corner(Sc)  D  (M”  x  =  S(G). 

To  obtain  equalities  above,  it  suffices  to  note  that  there  is  always  a  subset  of  the  vertices 
of  any  non-induced  odd  cycle  C  that  defines  an  induced  odd  cycle  C  G  C.  Then,  the 
inequality  Yhe&c  2/e  >  1  is  tighter  than  Y^e&cVe  —  1)  which  shows  that  S(G)  C  corner (B). 
□ 


Lemma  11  and  the  fact  that  all  inequalities  needed  in  the  description  of  corner (B)  are 
{0,  l/2}-Chvatal  inequalities  lead  to  the  following  more  complete  version  of  the  theorem 
stated  in  the  introduction. 

Theorem  3.  For  the  stable  set  formulation  (1),  S(G),  the  {0,1/2 }-Chvatal  closure,  the 
Chvatal  closure,  the  split  closure,  corner{B+)  and  corner{B)  are  identical. 

Finally,  it  is  worth  relating  the  above  result  to  the  class  of  h-perfect  graphs,  which 
includes  the  series-parallel  graphs  [6,  13].  A  graph  G  is  h-perfect  if  its  stable  set  polytope 
is  equal  to  S(G)  (together  with  xv  <  1,  for  every  vertex  v  that  defines  a  trivial  connected 
component).  By  Theorem  3,  we  get  the  following  characterization. 

Corollary  2.  A  graph  G  is  h-perfect  if,  and  only  if,  the  stable  set  polytope  of  G  is  equal 
to  its  Chvatal  closure. 
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